We investigate the ground state behavior of the Dicke-Hubbard model including counter-rotating-terms. By generalizing an extended coherent state approach within mean-field theory, we self-consistently obtain the ground state energy and delocalized order parameter. Localization-delocalization quantum phase transition of photons is clearly observed by breaking the parity symmetry. Particularly, Mott lobes are fully suppressed, and the delocalized order parameter shows monotonic enhancement by increasing qubit-cavity coupling strength, in sharp contrast to the Dicke-Hubbard model under rotating-wave approximation. Moreover, the corresponding phase boundaries are stabilized by decreasing photon hopping strength, compared to the Rabi-Hubbard model.
model including the CRTs. In Sec. III, we develop a self-consistently extended coherent state approach within the mean-field framework. The ground state energy and delocalized order parameter are obtained accordingly. In Sec. IV, we discuss the localization-delocalization QPT, the corresponding phase boundaries, and the delocalization induced concurrence enhancement. Finally in Sec. V, we give a brief summary.
II. DICKE-HUBBARD LATTICE
In this section, we firstly describe the Hamiltonian of the Dicke-Hubbard lattice. Then, we generalize the extended coherent state approach within mean-field theory, to self-consistently solve the mean-field Dicke-Hubbard model.
A. Model
The Dicke-Hubbard model, describing the interplay between intra-site qubit-cavity interaction and inter-site photon hopping, is given by [ 
The HamiltonianĤ Dicke n shows collective interaction of N identical two-level qubits with a single mode photonic field in the nth cavity, expressed by the standard Dicke model [30] 
whereĴ n a = 1 2 iσ n,i a (a = x, y, z) is the collective angular momentum operators withσ n,i a the Pauli operator of two-level qubit, and ǫ is the energy splitting.â † n (â n ) creates (annihilates) one photon in the nth cavity, with the energy ω 0 . λ is the qubitphoton coupling strength, and N is the qubits number within each cavity. κ is the inter-site photon hopping strength between nearest-neighbor sites n and m, labeled by n, m . In this paper, we set = 1 as unit for convenience.
For the finite N Dicke systemĤ Dicke n in the nth cavity, the parity operatorP n = exp{iπΛ n } can be introduced, in terms of the total excitation numberΛ n =Ĵ n z +â † nâ n . Then, the Hilbert space ofĤ Dicke n is separated into two noninteracting subspace, due to the parity conservation as [Ĥ Dicke n ,P n ] = 0. While for the Dicke-Hubbard model due to the photon hopping, paritŷ P n at local site n appears broken. Accordingly, the total system excitation number is given byΛ = n (Ĵ n z +â † nân ), which results in the new parity operatorP = Π nPn . Thus, the orthogonal subspaces are properly re-arranged. Moreover, the local Dicke modelĤ Dicke n exhibits superradiant QPT in thermodynamic limit (N → ∞), at the critical qubit-cavity coupling strength λ c = √ ω 0 ǫ/2, where the symmetry (P n ) is broken [31, 32] . Below this critical strength (λ < λ c ),Ĥ Dicke n stays in the normal phase with microscopic excitation. On the contrary, the local Dicke model shows superradiant phase as λ > λ c , where the system particle number is macroscopically excited.
In the limiting case of N = 1, where single qubit is embedded in each cavity, the Dicke-Hubbard model is reduced to the Rabi-Hubbard model [24] [25] [26] [27] [28] , with the intra-site Hamiltonian modified toĤ
Then, under RWA as traditionally considered, it is further changed to the JCH model [1, 2, 4] , where the qubit-cavity interaction then becomes λ(â † nσ n − +σ n +â n ). It is widely known that Mott-insulating-to-superfluid phase transition and Mott-lobes are clearly observed in the JCH model, due to the conservation of polariton number [6] [7] [8] [9] [10] [11] [12] [13] . And the JCH model is tightly related with the Bose-Hubbard model [4, 6, 7, [14] [15] [16] . While the Rabi-Hubbard model exhibits quite different ground state features from the JCH model, which is mainly due to CRTs of the qubit-cavity coupling λ(â † nσ n + +σ n −ân ) [24, 25] . Therefore, it is desirable to exploit the interplay of CRTs and collective interaction in the Dicke-Hubbard lattice. It should be noted that this fundamental light-matter interaction (CRTs) is reported to be able to play the role as effective chemical potential, which can stabilize the finite density of correlated photons out of vacuum in equilibrium [25] .
B. Extended coherent-state approach
We firstly introduce the mean-field theory to simplify the Dicke-Hubbard lattice to an effective single-site case [2, 6] . The order parameter is introduced as ψ = φ G |â|φ G with |φ G the ground state, to denote the QPT of photons in the DickeHubbard model. The Dicke-Hubbard system is in delocalized phase of photons for non-zero ψ (ψ =0), and in localization phase for vanishing ψ with a fixed number of particle excitations at each site. Thus, the inter-site photon hopping term is decoupled as
And the nth site Hamiltonian becomesĤ n =Ĥ
where z is the number of nearest-neighbor sites, e.g., z = 2 for one-dimensional array. In the present paper, we set z = 3 for two-dimensional photonic lattice [2, 29] , which actually does not affect our main results. Moreover, the real order parameter is considered real ψ = ψ * . Therefore, the reduced model becomes site independent, resulting in the effective mean-field Hamiltonian
The mean-field theory is known to be exact for infinite dimensional lattices, i.e., z→∞. It has been extensively applied to study the JCH model and RWA-Dicke-Hubbard model, which shows consistent results with the numerical exact methods [17, 19] . Moreover, the mean-field theory is also considered in the Rabi-Hubbard model, in which the results agree with those within the functional and monte carlo approaches [25, 28] , even in strong κ regime. Hence, we believe the mean-field theory introduced in the present paper, is applicable to correctly exploit the QPT features of the Dicke-Hubbard model.
For the finite-size Dicke model, it is known that only small qubits size can be numerically handled within conventional Fock state basis, e.g., N ≤32 [31, 32] . While considering the extended coherent state approach, the ground state can be obtained accurately for large qubits size of the Dicke model [34, 35] . Thus, we generalize the extended coherent state approach in this paper, by including the order parameter ψ in a self-consistent way. Specifically, under the unitary transforming operator R = e −i π 2Ĵ y , the mean-field HamiltonianĤ MF at Eq. (3) is transformed tô
withĴ ± =Ĵ x ±iĴ y is the angular momentum creating (annihilating) operator. Accordingly, the wavefunction can be expanded in the Hilbert basis {|j, m ⊗|φ m } (m = −j, −j + 1, · · · , j) withĴ z |j, m = m|j, m and j = N/2, where |φ m is the photon part of the wavefunction corresponding to |j, m . In sub-basis |j, m , the schrödinger equation is specified by
where
. Through left-multiplying j, n| and introducing the displaced bosonic operatorÂ n = a + g n with g n = (
It should be noted that the displaced coefficient g n depends on the undetermined order parameter ψ. Then the bosonic wavefunction is expanded as
with |0 An = e −g 2 n /2−gna † |0 a and the bare ground state a|0 a = 0. Finally, we obtain ψ dependent equation as
In the present work, we set the photon truncation number Ntr≤40. Then by self-consistently tuning the order parameter ψ, the ground state energy can be gained by E g = min ψ {E(ψ)} with relative error less than 10 −5 . The corresponding order parameter ψ is given by Specifically, we firstly find the global minimum of E 0 , the corresponding ground state |φ 0 and order parameter ψ 0 by numerically solving Eq. (8) , in a wide range of input parameter ψ. Next, we begin the iteration steps to self-consistently obtain the ground state energy and order parameter. By including Eq. (9), the parameter ψ 1 = φ 0 |â|φ 0 is obtained straightforwardly. Then, by inserting ψ 1 into the Eq. (8), the lowest state |φ 1 and the corresponding energy E 1 are gained. Actually, E 1 is already very close to E 0 . We repeat such steps until the relative errors of both the ground state energy and order parameter within two successive iterations are less than 10 −5 . Here, we apply the extended coherent state approach at Eq. (5) to analyze the ground state energy of the finite qubits (N = 6) Dicke-Hubbard model within the mean-field theory in Fig 1 . It is interesting to observe that in strong qubit-cavity coupling regime (λ≈0.5ω 0 ), the ground state energy including weak inter-site photon hopping (κ = 0.1ω 0 ) becomes lower than the counterpart in absence of photon hopping process (κ = 0). It mainly results from the appearance of the delocalized phase exhibited by the inset of the Fig. 1 , where the order parameter ψ emerges accordingly. This implies that the Dicke-Hubbard system prefers to stay at delocalized state of photons in strong qubit-cavity coupling regime. While in absence of the inter-site photon hopping (κ = 0), the mean-field Dicke-Hubbard HamiltonianĤ MF is reduced to the finite N Dicke model, where ψ always keeps zero due to the parity conservation [36] .
III. RESULTS AND DISCUSSIONS

A. Localization-delocalization quantum phase transition
We firstly investigate the simplest collective case of the Dicke-Hubbard model at Fig. 2, i. e., N = 2. It is known that within RWA, interaction of two qubits to the single photonic mode in the mean-field Hamiltonian at Eq. (3) is changed to
Generally, it is difficult to analytically obtain the eigenspectrum of the mean-field Dicke-Hubbard model even under RWA, due to the existence of order parameter ψ. However, if we focus on the Mott phase at resonance (ǫ = ω 0 ), the eigen-solutions can be classified by the total excitationΛ =â †â +Ĵ z + N/2 under the Hilbert space {|n ⊗|j, m }. The first class is the isolated single state |0, 0 = |0 ⊗|1, −1 with energy E 0,0 = −ω 0 . The second class are single excited states |±, 0 = (|1 ⊗|1, −1 ±|0 ⊗|1, 0 )/ √ 2 with energy E ±,0 = ±λ. For the excitation number Λ≥2, the eigen-states are expressed as
with the energy E 0,n = ω 0 n and E ±,n = ω 0 n±λ √ 2n + 1 (n≥1), respectively. Therefore, the critical qubit-cavity coupling strength to quantify the superfluid-like phase transition can be obtained by
due to the energy level crossings, which has been similarly obtained in Ref. [29] . These transitions are clearly exhibited at Fig. 2(a) , where Mott lobes separate the Mott-insulating-like phase and superfluid-like phase. It should be noted that the analytical expressions of critical coupling strength are obtained based on the resonance condition (ǫ = ω 0 ), resulting in λ n c independent of κ . As more qubits are included, e.g., N = 4, 6 at Figs. 2(b) and 2(c), the number of Mott lobes also increases, which implies frequent energy level crossings. The superfluid order parameter is also strengthened [29] . Hence, it can be concluded that increasing qubits number enriches behaviors of the phase diagram and QPT.
Then, we turn to study the influence of CRTs on N = 2 mean-field Dicke-Hubbard model, shown at Fig. 2(d) . It is found that Mott lobes, exhibited under RWA at Fig. 2(a) , are fully suppressed. This result directly exhibits the crucial effect of the CRTs on the elimination of Mott lobes, due to the change of system symmetry. It originates from the fact that the U (1) symmetry is broken. Thus, the eigen-functions within RWA at Eq. (10) are totally destroyed, which are replaced by the semi-analytical solutions under the Z 2 symmetry [37] [38] [39] . It should be noted that such deviation is quite similar to the comparison made between the Rabi-Hubbard model and JCH model [25] , though the qubits number in each cavity is different. Consequently, the signal of order parameter is strongly enhanced in strong qubit-cavity coupling regime (λ ω 0 ), mainly due to the CRTs exciting finite correlated-photons out of vacuum [25] [26] [27] [28] . It is interesting to point out that by decreasing the inter-site hopping strength, the critical line separating localization and delocalized phases is stabilized, shown at Fig. 2(d) . This result is in sharp contrast to that in the Rabi-Hubbard model, where the boundary line exhibits quick increase as the hopping strength decreases [25] . We propose that this effect originates from the collective interaction of multi-qubits with the cavity photons. It makes the critical behavior easier to observe compared to the Rabi-Hubbard case, particularly in the weak inter-site hopping regime. As the qubits number increases at Figs. 2(e) and 2(f), the profiles of phase diagram are similar to the N = 2 case. Moreover, the signal of delocalization of photons shows monotonic enhancement by increasing intra-cavity qubit numbers, which is clearly demonstrated at Figs. 3(a)  and 3(b) . Therefore, we believe these results under the influence of the CRTs are stable for collective-qubits Dicke-Hubbard model.
B. Phase transition boundary
We firstly investigate the phase transition behavior at the ground state by including CRTs, in thermodynamic limit N →∞. By applying the Holstein-Primakoff transformation, collective angular momentum operators are transformed to bosonic operators aŝ
It is known that in the superradiant phase, new bosonic operators with macroscopic displacements are introduced asĉ =â + √ N α andd =b − √ N β, whereas α = β = 0 in the normal phase [31] . Through large N expansion of the mean-field HamiltonianĤ MF with respect to bosonic operatorsĉ andd, the ground state energy can be obtained up to the order O(N ) as
By minimizing the ground state energy, we finally gain
which results in
with the critical transition point λ c = (ω 0 − zκ)ǫ/2. It is clearly shown that the inter-site photon hopping reduces the critical qubit-cavity coupling strength, which identifies the normal-to-superradiant phase transition. However, the appearance of delocalization (ψ =0) only requires the microscopic excitations. Hence, the large N expansion at Eq. (12) to conserve the macroscopic excitations, is only able to characterize order parameter in superradiant phase as |ψ| = α √ N + O(1), where the microscopic excitations can be safely ignored.
Then under the influence of CRTs, we turn to numerically investigate the critical qubit-cavity coupling strength for localization-delocalization phase transition in the large N mean-field Dicke-Hubbard model, shown at Fig. 4(a) . It is surprising to observe that in the normal phase ( â †â /N ≪1), the order parameter is negligible (|ψ|≪1). As the system goes into the superradiant phase with the photon field macroscopically excited â †â /N ∼O(1), the order parameter simultaneously rises into the finite value as |ψ|∼O( √ N ), which is consistent with the result in thermodynamic limit. To confirm such phase transition correspondence, we apply the renormalized fidelity susceptibility FS/FS max to detect this criticality [33] , where the fidelity susceptibility is given by
with FS max = max{FS} and the fidelity
It is found that for various inter-site photon hopping strengths, single peak exists at the critical point, shown at Fig. 4(b) . Hence, we propose that the boundary of normal-superradiant phase transition may overlap with the counterpart for localization-delocalization phase transition, within the framework of mean-field theory. Moreover, as a comparison, we show behaviors of the renormalized fidelity susceptibility of Dicke-Hubbard model within RWA at Fig. 4(c) . The single peak also appears with the same photon hopping strengths as those at Fig. 4(b) . However, if photon hopping strength becomes further smaller, e.g., κ = 10 −4 ω 0 , multi-peaks emerges to demonstrate existence of Mott lobes, as similarly shown at Figs. 2(a-c) . This implies that increasing intra-cavity qubit numbers will only shrink localization regime, but unable to fully suppress Mott lobes.
IV. CONCLUSION
To summarize, we have studied quantum phase transition in the Dicke-Hubbard model within the mean-field theory, where CRTs are included [25, 26] . The extended coherent state approach has been generalized to numerically solve the ground state phase diagram with respect to self-consistency. In the mean-field based RWA-Dick-Hubard model, the Mott lobes are clearly exhibited, and critical qubit-cavity coupling strength to characterize Mott-insulating-to-superfluid-like phase transition has been analytically obtained. While under the influence of the CRTs, the Mott lobes are fully suppressed, mainly due to the fact that the system symmetry is re-established from U (1) type in the localized phase (ψ = 0) to Z 2 type in the delocalized phase (ψ =0). This new parity symmetry (Z 2 ) will stabilize finite density of correlated photons even at ground state. Accordingly, phase transition pattern is significantly changed. Moreover, the critical coupling strength λ c to separate localized and delocalized phases approaches a stable value by decreasing inter-site photon hopping strength. It is in sharp contrast to the counterpart in the RabiHubbard model, where λ c increases dramatically by weaken inter-site photon hopping strength [25, 26] . Hence, we conclude that this effect is mainly from the indirect qubit-qubit collective interaction mediated by single mode photonic field. Then, we quantified the localization-delocalization transition boundary in finite N mean-field Dicke-Hubbard model. It is proposed that within mean-field framework, normal-superradiant phase transition boundary may overlap with that for localization-delocalization transition. This result is further confirmed by the fidelity susceptibility, where single global peak is exhibited at critical coupling strength. Hence, we believe that quantum fidelity may be utilized to measure quantum phase transition of the Dicke-Hubbard lattice.
Finally, we note that the dissipation effect has recently been analyzed in JCH model, which suppresses the delocalized regime [11, 40] . The extended coherent state approach can be applied and generalized to exploit the novel behavior from the interplay between loss mechanism and CTRs in the Dicke-Hubbard model, which we will pursue in the future work.
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